The flow of a curve or surface is said to be inextensible if, in the former case, the arclength is preserved, and in the latter case, if the intrinsic curvature is preserved. Physically, inextensible curve and surface flows are characterized by the absence of any strain energy induced from the motion. In this paper we investigate inextensible flows of curves and developable surfaces in R 3 . Necessary and sufficient conditions for an inextensible curve flow are first expressed as a partial differential equation involving the curvature and torsion. We then derive the corresponding equations for the inextensible flow of a developable surface, and show that it suffices to describe its evolution in terms of two inextensible curve flows.
Introduction
The time evolution of a curve or surface generated by its corresponding flow in R 3 -for this reason we shall also refer to curve and surface evolutions as flows throughout this article-is said to be inextensible if, in the former case, its arclength is preserved, and in the latter case, if its intrinsic curvature is preserved. Physically, inextensible curve and surface flows give rise to motions in which no strain energy is induced. The swinging motion of a cord of fixed length, for example, or of a piece of paper carried by the wind, can be described by inextensible curve and surface flows. Such motions arise quite naturally in a wide range of physical applications. For example, both Chirikjian and Burdick [1] and Mochiyama et al. [2] study the shape control of hyper-redundant, or snake-like, robots. Inextensible curve and surface flows also arise in the context of many problems in computer vision [3, 4] and computer animation [5] , and even structural mechanics [6] .
What the above problems share in common is the need to mathematically describe the inextensible time evolution of curves and surfaces. There have been numerous studies in the literature on plane curve flows, particularly on evolving curves in the direction of their curvature vector field (referred to by various names such as "curve shortening", "flow by curvature", and "heat flow"). Particularly relevant to this article are the methods developed by Gage and Hamilton [7] and Grayson [8] for studying the shrinking of closed plane curves to a circle via the heat equation. In [9] Gage also studies area-preserving evolutions of plane curves. None of these previous studies considers the further stipulation that the flow be inextensible, however. Another related work is that of [10] , which considers less restrictive mappings that locally preserve volume only.
In a previous communication by the authors [11] , the distinction between heat flows and inextensible flows of planar curves were elaborated in detail, and some examples of the latter were given. Based on these preliminary planar results, in this article we develop the general formulation for inextensible flows of curves and developable surfaces in R 3 . Necessary and sufficient conditions on the curvature and torsion of a space curve are first derived such that its curve flow remains inextensible. We then derive the corresponding evolution equations for developable surfaces. The resulting set of partial differential equations completely characterizes inextensible flows for space curves and developable surfaces.
The article is organized as follows. In Section 2 we collect the results for inextensible flows of plane curves, and present the main result on inextensible curve flows in R 3 . In Section 3, we derive the corresponding equations for inextensible flows of developable surfaces, and show that their flows are completely characterized by the inextensible flows of two space curves.
Inextensible flows of plane and space curves
In this section we briefly review the main results for inextensible flows of plane curves as presented in [11] , and extend these results to space curves. We also explicitly construct an inextensible flow between a given initial and final plane curve of the same length. Throughout this section we adopt the following notation: 
For a plane curve h = 0. Letting the arc length variation be L(u, t) = u 0 v du, the requirement that the curve not be subject to any elongation or compression can be expressed by the condition
With this in mind we make the following definition.
Definition 2.1. A curve evolution F (u, t) and its flow
The next two theorems characterize an inextensible plane curve flow in terms of the tangential and normal speeds and the curvature of the curve (see [11] for proofs).
Theorem 2.2 (Necessary and Sufficient Conditions for an Inextensible Flow). A flow of a plane curve
∂ F ∂t = f T + g N
is inextensible if and only if
∂ f ∂s = gκ.
Theorem 2.3 (Equations for Inextensible Evolution of Plane Curves). Suppose the curve flow
We now derive an explicit inextensible flow for given initial and terminal curves of the same length; we omit the detailed proof for space reasons. We now consider inextensible curve flows in R 3 . We begin with the following lemma.
Lemma 2.5.
Proof. Observe that
Thus we get Proof. The proof essentially follows that of Theorem 2.2, and is not repeated here.
An interesting implication of Theorem 2.6 is that in order for a curve evolution in R 3 to be inextensible, the binormal component h of the flow only acts to twist the curve, and neither lengthens nor shortens it. This theorem justifies the meaning of 'torsion' as a local measure of how twisted a curve is, whereas curvature reflects the bending of the curve. We summarize this observation in the form of a corollary.
Corollary 2.7. An inextensible curve flow is independent of the binormal component h.
Following a procedure similar to the case for plane curves, in order to obtain the main theorem of this section, we require the following lemma.
Proof. Observe that
where we use Theorem 2.6 and the Frenet-Serret formula. Now differentiate the Frenet frame by t:
From the above we obtain We now state the main result on inextensible flows of space curves. 
Theorem 2.9. Suppose the curve flow
Proof. Noting that
Hence we see that
and 
Inextensible flows of developable surfaces
Recall (see, e.g., [12] ) that a ruled surface X (u, v) = α(u) + vw(u), with |w(u)| ≡ 1, is developable if (w, w , α ) ≡ 0. A developable surface is a surface whose Gaussian curvature is everywhere zero, or alternatively is an isometric image of the plane. Here α is called the base curve and w the ruling of the surface. We shall restrict ourselves to the noncylindrical case, i.e., w = 0 for all u.
Let X (u, v, t) = α(u, t) + vw(u, t), with |w(u)| ≡ 1, w = 0, (w, w , α ) ≡ 0, be a one-parameter family of developable surfaces, where prime denotes ∂ ∂u . Since we will consider inextensible evolutions of X , and α is a curve that lies on X , we take α(u, t) to be the inextensible evolution of a curve in R 3 . Hence we may assume u is the arc length of α for all t. w(u, t) can similarly be regarded as an evolution of a curve in S 2 (we will in fact prove that this evolution is also inextensible), although in this case u not will not in general correspond to the arclength. We first state some consequences of computations as a lemma. 
We now make precise the notion of an inextensible evolution of a surface, by imposing appropriate constraints on its first fundamental form.
Definition 3.2.
A surface evolution X (u, v, t) and its flow ∂ X ∂t are said to be inextensible if its first fundamental form {E , F, G} satisfies
This definition states that the surface X (u, v, t) is, for all time t, the isometric image of the original surface X (u, v, t 0 ) defined at some initial time t 0 . For a developable surface, X (u, v, t) can be physically pictured as the parametrization of a waving flag. For a given surface that is rigid, there exists no nontrivial inextensible evolution.
From Lemma 3.1 we get immediately
Theorem 3.3. X (u, v, t) as defined in Lemma 3.1 is inextensible if and only if
Theorem 3.3 is not only essential in characterizing the inextensible evolution of developable surfaces, but has an interesting geometric interpretation in its own right. We are now in a position to state the main results of this section. 
